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7KLV SDSHU SUHVHQWV D FRPSOHWH FKDUDFWHUL]DWLRQ RI WKH ORFDO G\QDPLFV IRU RSWLPDO
FRQWURO SUREOHPV RI ￿￿GLPHQVLRQDO V\VWHPV RI RUGLQDU\ GLmHUHQWLDO HTXDWLRQV￿ E\ XVLQJ
JHRPHWULFDO PHWKRGV￿ :H SURYH WKDW WKH SDUWLFXODU VWUXFWXUH RI WKH -DFRELDQ LPSOLHV
WKDW WKH ￿WK RUGHU FKDUDFWHULVWLF SRO\QRPLDO LV HTXLYDOHQW WR D FRPSRVLWLRQ RI WZR ORZHU
RUGHU SRO\QRPLDOV￿ ZKLFK DUH VROYDEOH E\ UDGLFDOV￿ 7KH FODVVLnFDWLRQ SUREOHP IRU ORFDO
G\QDPLFV LV DGGUHVVHG E\ nQGLQJ SDUWLWLRQV￿ RYHU DQ LQWHUPHGLDWH ￿￿GLPHQVLRQDO VSDFH￿
ZKLFK DUH KRPRPRUSKLF WR WKH VXE￿VSDFHV WDQJHQW WR WKH FRPSOH[￿ FHQWHU DQG VWDEOH
VXE￿PDQLIROGV￿ 7KHQ ZH JHW ORFDO QHFHVVDU\ FRQGLWLRQV IRU WKH H[LVWHQFH RI ￿￿ WR ￿￿IROG￿
+RSI￿ ￿￿ DQG ￿￿IROG￿+RSI DQG +RSI￿+RSI ELIXUFDWLRQV￿
.H\ZRUGV￿ 2SWLPDO FRQWURO SUREOHPV￿ ORFDO G\QDPLFV￿ IROG DQG +RSI ELIXUFDWLRQV -(/
&ODVVLnFDWLRQ￿ &￿￿￿ &￿￿￿
6XEPLWWHG WR WKH :RUOG &RQJUHVV RI WKH (FRQRPHWULF 6RFLHW\
$XJXVW ￿￿￿￿￿ 6HDWWOH
￿3OHDVH DGGUHVV FRUUHVSRQGHQFH WR￿ 3DXOR %ULWR￿ ,6(* ￿ 8QLYHUVLGDGH 7u HFQLFD GH /LVERD￿ 5XD 0LJXHO
/XSL￿ ￿￿￿ ￿￿￿￿ /LVERD￿ 3RUWXJDO￿ 7HO￿ ￿￿￿￿ ￿￿ ￿￿￿￿￿￿￿￿ )D[￿ ￿￿￿￿ ￿￿ ￿￿￿￿￿￿￿￿ $ nUVW YHUVLRQ RI WKLV SDSHU
KDV EHHQ SUHVHQWHG DW WKH ,, 8(&( &RQIHUHQFH RQ &RPSOH[LW\ LQ (FRQRPLFV￿ 0D\ ￿￿￿￿￿ ,6(*￿ /LVERQ￿ ,QWURGXFWLRQ
7KLV SDSHU SUHVHQWV D FRPSOHWH FKDUDFWHUL]DWLRQ RI WKH ORFDO G\QDPLFV IRU RSWLPDO FRQWURO
SUREOHPV LQ V\VWHPV JRYHUQHG E\ IRXU QRQ￿OLQHDU RUGLQDU\ GLmHUHQWLDO HTXDWLRQV ￿2’(￿￿ :H
IRFXV RQ WKH LQnQLWH KRUL]RQ￿ FRQWLQXRXV WLPH￿ DXWRQRPRXV DQG GLVFRXQWHG SUREOHP￿
7KH ORFDO G\QDPLFV RI WKH +DPLOWRQLDQ V\VWHP IRU VFDODU DQG SODQDU RSWLPDO FRQWURO
SUREOHPV LV ZHOO XQGHUVWRRG￿ )RU WKH VFDODU SUREOHP￿ ￿+DUWO￿ ￿￿￿￿￿ VKRZHG WKDW WKH VWDEOH
VXE￿PDQLIROG KDV PD[LPXP GLPHQVLRQ HTXDO WR RQH DQG WKDW LWV WDQJHQW VWDEOH VXE￿VSDFH
ZLOO RQO\ GLVSOD\ PRQRWRQRXV WUDMHFWRULHV￿ )RU WKH SODQDU SUREOHP￿ ￿’RFNQHU￿ ￿￿￿￿￿ DQG
￿)HLFKWLQJHU￿ 1RYDN￿ DQG :LUO￿ ￿￿￿￿￿ VKRZHG WKDW WKH VWDEOH VXE￿PDQLIROG KDV PD[LPXP
GLPHQVLRQ HTXDO WR WZR DQG WKDW WKH WDQJHQW VXE￿VSDFHV FDQ GLVSOD\ PRQRWRQRXV RU RVFLOOD￿
WRU\ SDWKV￿ )ROG DQG +RSI ELIXUFDWLRQV PD\ RFFXU ￿VHH ￿)HLFKWLQJHU HW DO￿￿ ￿￿￿￿￿ DQG ￿%ULWR￿
￿￿￿￿￿￿ DQG IRU DOO WKHVH GHnQLWLRQV VHH ￿*XFNHQKHLPHU DQG +ROPHV￿ ￿￿￿￿￿ RU ￿.X]QHWVRY￿
￿￿￿￿￿￿￿ )RU WKH ￿￿GLPHQVLRQDO SUREOHP ZH VKRZHG ￿VHH ￿%ULWR￿ ￿￿￿￿￿￿ WKDW￿ ￿L￿ WKH VWDEOH
VXE￿PDQLIROG KDV PD[LPXP GLPHQVLRQ HTXDO WR WKUHH￿ ￿LL￿ VHYHUDO FRPELQDWLRQV RI RVFLOOD￿
WRU\ DQG PRQRWRQRXV EHKDYLRUV PD\ RFFXU￿ DQG￿ ￿LLL￿ WKH VHW RI SRVVLEOH ORFDO ELIXUFDWLRQV
LQFOXGHV￿ IROG￿ +RSI￿ GRXEOH IROG DQG IROG￿+RSI ELIXUFDWLRQV￿
,Q WKLV SDSHU ZH DGG RQH IXUWKHU GLPHQVLRQ￿ 7KRXJK WKH FKDUDFWHULVWLF HTXDWLRQ IRU WKH
-DFRELDQ RI WKH PRGLnHG +DPLOWRQLDQ G\QDPLF V\VWHP LV D ￿WK RUGHU SRO\QRPLDO￿ ZH SURYH
WKDW LW LV HTXLYDOHQW WR D FRPSRVLWLRQ RI WZR SRO\QRPLDOV RI ￿QG DQG ￿WK RUGHUV￿ 7KHUHIRUH￿
WKH HLJHQYDOXHV FDQ EH H[SOLFLWO\ GHWHUPLQHG￿
7KH HLJHQYDOXHV PDS WKH SULPLWLYH SDUDPHWHU VSDFH LQWR D VL[￿GLPHQVLRQDO FRPSOH[ nHOG￿
/RFDO ELIXUFDWLRQ DQDO\VLV FRQVLVWV LQ nQGLQJ SDUWLWLRQV RYHU WKH SULPLWLYH SDUDPHWHU VSDFH
ZKLFK DUH WKH VXE￿UDQJHV RI DQ LQYHUVH PDSSLQJ IURP WKH ORFDO FHQWHU￿ VWDEOH DQG RVFLOODWRU\
VXE￿PDQLIROGV￿ $V WKH GHFRPSRVLWLRQ RI WKH FKDUDFWHULVWLF SRO\QRPLDO LPSOLHV WKH H[LVWHQFH
RI DQ LQWHUPHGLDWH ￿￿GLPHQVLRQDO UHDO nHOG￿ WKHQ WKH FODVVLnFDWLRQ SUREOHP FDQ EH ERWK VLP￿
SOLnHG DQG VROYHG LQ JHQHUDO￿ E\ SDUWLWLRQLQJ WKLV LQWHUPHGLDWH VSDFH￿ +RZHYHU￿ IURP WKH
JDORLV nHOG WKHRUHP￿ DV JHQHUDO SRO\QRPLDOV RI RUGHU ODUJHU WKDQ IRXU DUH QRW VROYDEOH E\
UDGLFDOV ￿VHH ￿%ULVRQ￿ ￿￿￿￿￿>S￿￿￿￿@ RU ￿+XQJHUIRUG￿ ￿￿￿￿￿>S￿￿￿￿@ D WKHRUHP E\ $EHO￿￿ WKHQ ZH
GHDO LQ WKLV SDSHU ZLWK WKH ODUJHVW V\VWHP IRU ZKLFK ZH PD\ GHWHUPLQH H[SOLFLWO\ WKH HLJHQ￿
YDOXHV IRU WKH DVVRFLDWHG -DFRELDQ PDWUL[￿ DQG WKHUHIRUH SUHVHQW D FRPSOHWH FKDUDFWHUL]DWLRQ
RI WKH YDULDWLRQDO V\VWHP￿
7KH SDSHU SURFHHGV DV IROORZV￿ 6HFWLRQ ￿ VWDWHV WKH SUREOHP DQG RXU PHWKRG IRU VROYLQJ
LW￿ 6HFWLRQ ￿ FKDUDFWHUL]HV WKH DOJHEUDLF VWUXFWXUH RI WKH -DFRELDQ DQG GHWHUPLQHV H[SOLFLWO\
WKH HLJHQYDOXHV DV IXQFWLRQV RI WKH LQWHUPHGLDWH FRHpFLHQWV￿ ,Q 6HFWLRQ ￿￿ ZH GHULYH D
WD[RQRP\ IRU ORFDO G\QDPLFV E\ SHUIRUPLQJ WKUHH RYHUODSSLQJ SDUWLWLRQV RQ WKH GRPDLQ RI
WKH LQWHUPHGLDWH PDSSLQJ￿ 6HFWLRQ ￿ SUHVHQWV WKH ORFDO VWDELOLW\ WKHRUHP DQG ORFDWHV WKH
SRVVLEOH ORFDO ELIXUFDWLRQV￿
7 K H S U R E O H P 
:H GHDO ZLWK WKH RSWLPDO FRQWURO SUREOHP￿ GHnQLQJ WKH YDOXH IXQFWLRQDO￿




)￿X￿[￿￿￿HbpWGW ￿B [   I￿X￿[￿￿￿￿[￿￿￿   [￿
}
￿
ZKHUH [ ￿ 5￿ GHQRWHV WKH VWDWH YHFWRU￿ X ￿ 5Q GHQRWHV WKH FRQWURO YHFWRU DQG ￿ ￿ je | 5P
GHQRWHV WKH YHFWRU RI JLYHQ SULPLWLYH SDUDPHWHUV￿ /HW WKH LQVWDQWDQHRXV UDWH RI GLVFRXQW￿
p￿ DQG WKH GHnQLQJ PDSSLQJV￿ ￿X￿[￿￿￿ ￿ ￿ )￿X￿[￿￿￿ ￿ 5 DQG ￿X￿[￿￿￿ ￿ ￿ I￿X￿[￿￿￿ ￿ 5￿￿
YHULI\ WKH IROORZLQJ DVVXPSWLRQ￿
$VVXPSWLRQ ￿￿ ￿￿￿￿ 7KH IXQFWLRQ ) DQG WKH FRPSRQHQWV RI I DUH FRQWLQXRXV DQG DW OHDVW
RQH RI WKHP LV &U￿Uw ￿ LQ ￿X￿[￿￿￿ ￿ ￿ ￿p!￿￿
1RZ￿ OHW ￿ ￿ ￿￿￿p￿ ￿ j ZKHUH j  je d 5￿￿ | 5P d 5￿￿￿ )URP WKH PD[LPXP
SULQFLSOH RI 3RQWUL\DJLQ￿ WKHUH DUH SLHFHZLVH FRQWLQXRXV FR￿VWDWH YDULDEOHV￿ S ￿ 5￿￿ VXFK
WKDW WKH FXUUHQW￿YDOXH +DPLOWRQLDQ￿ +￿X￿[￿S￿￿￿￿  )￿X￿[￿￿￿ ￿ KS￿I￿[￿X￿￿￿L LV PD[L￿
PL]HG E\ A X  DUJPD[X+￿￿￿￿ IRU HDFK W ￿ >￿￿￿￿￿￿ $GGLWLRQDOO\￿ IA [￿W￿￿S￿W￿J￿￿
W ￿ VROYHV
WKH FDQRQLFDO G\QDPLF V\VWHP￿ ￿B S￿ B [￿ ￿ p￿S b A +[￿[￿S￿￿￿￿ A +S￿[￿S￿￿￿￿￿ IRU [￿￿￿   [￿ DQG
OLPW￿￿￿KS￿[LHbpW  ￿￿ ZKHUH A +￿[￿S￿￿￿ +￿A X￿[￿S￿￿￿￿ /HW WKH PRGLnHG +DPLOWRQLDQ
G\QDPLF V\VWHP ￿0+’6￿ EH ZULWWHQ DV B \   *￿\￿￿￿￿ ZKHUH \ ￿ ￿S￿[￿ ￿ 5￿￿ $VVXPH WKDW
LW KDV D QRQ￿HPSW\ ORFDO DWWUDFWRU VHW￿ x \ ￿  I\ ￿ *￿\￿￿￿ ￿ ￿￿  ￿￿ ￿ jJ L Y H Q J￿Z K L F K
FRQWDLQV DOO WKH LVRODWHG HTXLOLEULXP SRLQWV DQG￿RU OLPLW￿F\FOHV￿
:LWK *￿￿￿ QRQ￿OLQHDU￿ WKH -DFRELDQ RI WKH YDULDWLRQDO V\VWHP￿ B \   ’\*￿x \￿￿￿￿￿\bx \￿￿2￿M
\ b x \ M￿￿ LV
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7KH YHFWRU VXE￿VSDFHV￿ ZKLFK DUH WDQJHQW WR WKH ORFDO VXE￿PDQLIROGV￿ DUH WKH JHQHUDOL]HG
HLJHQVSDFHV FRUUHVSRQGLQJ WR WKH XQLRQ RI DOO LWV HLJHQYDOXHV ￿VHH ￿*XFNHQKHLPHU DQG +ROPHV￿
￿￿￿￿￿￿ FKDS￿ ￿￿￿ 1HDU DQ K\SHUEROLF HTXLOLEULXP SRLQW￿ WKH VWUXFWXUH ￿GLPHQVLRQ DQG F\FOLFDO
SURSHUWLHV￿ RI WKH ORFDO VXE￿PDQLIROGV LV￿ IURP *UREPDQ￿+DUWPDQ￿V WKHRUHP￿ WRSRORJLFDOO\
HTXLYDOHQW WR WKH VWUXFWXUH RI WKH WDQJHQW YHFWRU VXE￿VSDFHV￿ +RZHYHU￿ LI DQ HOHPHQW RI
WKH DWWUDFWRU VHW x \ LV QRQ￿K\SHUEROLF WKHQ ZH ZLOO KDYH D ORFDO ELIXUFDWLRQ￿ ZKRVH ORFDO
ELIXUFDWLRQ WKHRUHP ￿ LQYROYHV QRW RQO\ QHFHVVDU\ FRQGLWLRQV UHODWHG WR WKH OLQHDU SDUW RI
WKH YDULDWLRQDO V\VWHP ￿QXPEHU RI HLJHQYDOXHV ZLWK ]HUR UHDO SDUWV￿ EXW DOVR WR WKH QRQ￿
OLQHDU SDUW￿ 7KHUHIRUH￿ IURP WKH WDQJHQW YHFWRU VSDFH ZH FDQ ERWK ORFDWH DQG JLYH D nUVW
JHQHULF FODVVLnFDWLRQ WR D FHQWUDO PDQLIROG￿
7KH HLJHQYDOXHV GHnQH D PDSSLQJ IURP WKH SULPLWLYH SDUDPHWHU VSDFH LQWR WKH FRPSOH[
nHOG￿ w ￿j| 5P ￿ &￿ ZKLFK WUDQVIRUP ￿ ￿ ￿ w￿￿￿￿ /HW Q￿￿ Q￿ DQG Qb EH￿ UHVSHFWLYHO\￿ WKH
QXPEHU RI HLJHQYDOXHV ZLWK SRVLWLYH￿ ]HUR DQG QHJDWLYH UHDO SDUWV DQG OHW QU EH WKH QXPEHU
RI UHDO HLJHQYDOXHV DQG QF EH WKH QXPEHU RI SDLUV RI FRPSOH[ FRQMXJDWH HLJHQYDOXHV￿ )URP
WKH IXQGDPHQWDO WKHRUHP RI $OJHEUD￿ Q￿￿Q￿￿Qb  ￿￿ DQG QU￿￿QF  ￿￿ DQG￿ WKHQ￿ QF ￿ ￿
￿6HH ￿.X]QHWVRY￿ ￿￿￿￿￿ IRU D UHFHQW V\VWHPDWLF SUHVHQWDWLRQ￿
￿DQG￿ DV ZH SURYH DKHDG￿ Qb ￿ ￿D Q GQ￿ ￿ ￿￿ )ROORZLQJ D JHRPHWULFDO DSSURDFK￿ ZH ZLOO
SUHVHQW JHQHUDO FODVVLnFDWLRQ UHVXOWV IRU ORFDO G\QDPLFV￿ FKDUDFWHUL]LQJ WKH VWDEOH￿ FHQWHU
DQG FRPSOH[ YHFWRU VXE￿VSDFHV￿ E\ WKH IROORZLQJ RYHUODSSLQJ SDUWLWLRQV RYHU WKH SULPLWLYH
SDUDPHWHU VSDFH￿ 6L ￿  I￿ ￿ j￿Qb   LJ￿ &M ￿  I￿ ￿ j￿Q￿   MJ DQG ,O ￿  I￿ ￿ j￿QF   OJ
IRU L￿M￿O  ￿ ￿￿￿￿￿￿ ￿￿
+RZHYHU￿ DV WKH SDUDPHWHU VHW j FDQQRW EH GHnQHG LQGHSHQGHQWO\ RI DQ\ SDUWLFXODU
DSSOLFDWLRQ￿ ZH ZLOO SURYH WKDW WKHUH LV DQ LQWHUPHGLDWH nHOG .|5￿ ZKLFK LV WKH GRPDLQ
RI D PDSSLQJ￿ O￿ VXFK WKDW w￿￿￿ LV HTXLYDOHQW WR D FRPSRVLWLRQ RI WKH PDSSLQJV N ￿j￿. ￿
WUDQVIRUPLQJ ￿ ￿ ￿ N￿￿￿￿ DQG O ￿ .￿&￿￿ WUDQVIRUPLQJ N ￿ ￿ O￿N￿￿ 7KHUHIRUH￿ ZH FDQ GHULYH
JHQHUDO FODVVLnFDWLRQ UHVXOWV E\ GHnQLQJ WKH IROORZLQJ RYHUODSSLQJ SDUWLWLRQV RYHU .￿ ,N
L ￿ 
IN ￿.￿ QF   LJ￿ 6N
M ￿  IN ￿.￿ Qb   MJ DQG &N
O ￿  IN ￿.￿ Q￿   OJ IRU L￿M￿O  ￿ ￿￿￿￿￿￿￿￿￿
 (LJHQYDOXHV RI WKH YDULDWLRQDO V\VWHP
7KH FKDUDFWHULVWLF HTXDWLRQ RI WKH MDFRELDQ PDWUL[ ’\*￿￿￿ LV WKH IRXUWK￿RUGHU SRO\QRPLDO
RYHU D JHQHULF HLJHQYDOXH￿ w￿
F￿w￿ G H W ￿ ’\* b w,￿￿ 
￿ ;
M ￿
￿b￿￿M0￿bMwM  ￿ ￿ ￿￿￿
ZKHUH 0M LV WKH VXP RI WKH SULQFLSDO PLQRUV RI RUGHU MDQG 0￿  ￿ ￿VHH *DQWPDFKHU ￿￿￿￿￿￿￿
S￿ ￿￿￿￿ +HQFH￿0￿ LV WKH WUDFH DQG 0￿ LV WKH GHWHUPLQDQW RI ’\*￿ )URP WKH *DORLV nHOG
WKHRU\ ZH NQRZ WKDW D JHQHUDO HLJKW￿RUGHU SRO\QRPLDO LV QRW VROYDEOH E\ UDGLFDOV￿ +RZHYHU￿
IURP WKH V\PPHWU\ SURSHUWLHV RI WKH 0+’6￿ -DFRELDQ PDWUL[￿ WKH SULQFLSDO PLQRUV RI RGG
RUGHU DUH OLQHDU FRPELQDWLRQV RI WKH SULQFLSDO PLQRUV RI HYHQ RUGHU￿ DV WKH QH[W UHVXOW VKRZV￿
/HPPD ￿￿ ￿3ULQFLSDO PLQRUV￿ ,I $VVXPSWLRQ ￿ KROGV WKHQ WKH SULQFLSDO PLQRUV RI ’\*￿￿￿
YHULI\￿
0￿  ￿ p￿
0￿   b￿￿p￿ ￿￿ p0￿￿
0￿  ￿￿p￿ b ￿p￿0￿ ￿￿ p0￿￿
0￿   b￿￿p￿ ￿￿ p￿0￿ b p￿0￿ ￿ p0￿
￿$ JLYHQ VHW &M EHORQJV WR WKH FRPPRQ ERXQGDU\ EHWZHHQ WZR DGMDFHQW 6L￿M DQG 6L VHWV￿ ,Q WKH ERXQGDU\
EHWZHHQ WZR DGMDFHQW ,L￿M DQG ,L VHWV WKHUH LV PXOWLSOLFLW\ RI RUGHU M￿ 1RWH WKDW WKHUH DUH DOVR WZR RWKHU
RYHUODSSLQJ SDUWLWLRQV￿ DPRQJ WKH XQVWDEOH PDQLIROGV￿ 8L ￿  I￿ ￿ j￿Q￿   LJ￿ L  ￿ ￿￿￿￿￿￿ DQG WKH UHDO
VXE￿PDQLIROGV 5L ￿  I￿ ￿ j￿Q
U   LJ￿ L  ￿ ￿￿￿￿￿￿￿ %XW WKHVH FDQ EH GHWHUPLQHG UHVLGXDOO\￿ 7KDW LV￿ ORFDOO\￿
￿ ￿& L ?6 M ?8 O ZKHUH L ￿ M ￿ O  ￿D Q G￿ ￿5 L ?, M ZKHUH L ￿￿ M  ￿￿
￿3URRI￿ ,I $VVXPSWLRQ ￿ KROGV￿ WKHQ LW LV WULYLDO WR SURYH WKDW WKDW A +[S  ￿A +S[￿7 DQG A +[[
DQG A +SS DUH V\PPHWULF￿ 7KHQ￿ E\ GLUHFW FRPSXWDWLRQ ZH SURYH WKDW WKH IRUPHU UHODWLRQV
EHWZHHQ WKH SULQFLSDO PLQRUV KROG￿































$V 0 ￿ ￿0￿￿￿￿￿￿0 ￿￿ GHnQH D PDSSLQJ 0 ￿j￿ 5￿ VXFK WKDW ￿ ￿ ￿ 0￿￿￿ WKHQ￿
DV N   N p 0￿ ZH KDYH MXVW GHnQHG DQRWKHU PDSSLQJ N ￿j￿.|5￿ ZKLFK WUDQVIRUPV
￿ ￿ ￿ N￿￿￿￿
1H[W￿ ZH SURYH WKDW WKHUH LV D FRPSRVLWLRQ RI D TXDGUDWLF DQG D TXDUWLF SRO\QRPLDO
ZKLFK LV HTXLYDOHQW WR WKH FKDUDFWHULVWLF HLJWK￿RUGHU SRO\QRPLDO￿













  J p ￿ Lm
NZ￿ ￿  bN￿ ￿ N￿ b N￿ ￿ N￿ ￿ ￿ ￿￿￿
NZ￿ ￿ ￿N￿ b ￿N￿ ￿ N￿ b ￿￿ ￿￿
NZ￿ ￿  b￿N￿ ￿ N￿ ￿ ￿ ￿￿￿
NZ￿ ￿  N￿ b ￿￿ ￿￿￿￿
3URRI￿ /HW [ ￿ ￿w b p
￿￿￿p
￿￿b￿￿ DQG FRQVLGHU WKH SRO\QRPLDO￿ F￿[￿ 
3￿





F￿[￿ Lm WKH FRHpFLHQWV RI WKH PRQRPLDOV RI WKH QHZ SRO\QRPLDO DUH￿ %￿  














































  F￿w￿L mNZ￿   %￿￿ NZ￿   %￿￿
NZ￿   %￿ DQG NZ￿   %￿￿Z K H U HNZ￿ WR NZ￿ DUH JLYHQ E\ HTXDWLRQV ￿￿￿￿ ￿￿￿￿ ￿￿￿ DQG ￿￿￿￿￿
￿$V WKH WZR ORZHU RUGHU SRO\QRPLDOV DUH VROYDEOH E\ UDGLFDOV￿ ZH FDQ GHWHUPLQH WKH URRWV
RI WKH FKDUDFWHULVWLF SRO\QRPLDO HTXDWLRQ￿ F￿w￿ ￿ ￿














￿L￿ L  ￿ ￿￿￿￿￿￿￿ ￿￿￿￿
ZKHUH


























ZKHUH L  
S
b￿￿ ]￿ ￿  V￿ ￿ V￿ b O￿
￿ DQG ]￿￿￿   b￿










































￿N￿ ￿ N￿N￿ ￿ N￿
￿ b ￿N￿ ￿￿￿￿





























































































































































































ZKHUH ￿L￿ L  ￿ ￿￿￿￿￿￿
DUH WKH VROXWLRQ RI J￿￿￿  ￿￿ )URP $EUDPRZLW] DQG 6WHJXQ ￿￿￿￿￿￿ WKH URRWV RI WKH SRO\￿
QRPLDO DUH JLYHQ E\ HTXDWLRQV ￿￿￿￿ DQG ￿￿￿￿￿ ]￿￿ ]￿ DQG ]￿ DUH WKH URRWV RI WKH SRO\QRPLDO



















￿ZNZ￿ ￿ NZ￿NZ￿ ￿ N￿





￿￿ NZ￿￿ DQG WKH GLV￿
FULPLQDQW LV JLYHQ E\ HTXDWLRQ ￿￿￿￿￿ 8SRQ VXEVWLWXWLRQ RI WKH H[SUHVVLRQV IRU NZ￿ WR NZ￿￿
JLYHQ LQ HTXDWLRQV ￿￿￿ WR ￿￿￿￿￿ ZH FDQ VHH WKDW WKH FRHpFLHQWV O￿ WR O￿ DUH IRUPDOO\ LGHQWLFDO
IXQFWLRQ RI N￿ WR N￿ ￿VHH HTXDWLRQV ￿￿￿￿ WR ￿￿￿￿￿￿
7KH QH[W UHVXOW IROORZV QDWXUDOO\￿
&RUROODU\ ￿￿ ￿’LPHQVLRQV RI WKH VXE￿PDQLIROGV￿ ,I p!￿ WKHQ Qb ￿ ￿￿ Q￿ ￿ ￿ DQG QF ￿ ￿￿
)URP HTXDWLRQ ￿""￿￿ WKH HLJHQYDOXHV w ￿ ￿wV
￿￿￿￿￿w X
￿￿ DUH HTXLYDOHQW WR WKH FRPSRVLWH
￿ p NZ p N￿ ZKHUH NZ ￿ ￿NZ￿￿N Z￿￿N Z￿￿N Z￿￿￿ /HW O ￿  ￿ p NZ GHnQH D PDSSLQJ O ￿ .￿&￿
ZKLFK WUDQVIRUPV N ￿ ￿ O￿N￿￿ 7KHQ w   O p N￿ 7KH LQYHUVH PDSSLQJ N   Ob￿￿w￿ DOORZV
XV WR GHnQH SDUWLWLRQV RYHU WKH nHOG .￿ ZKLFK DUH KRPRPRUSKLF WR WKH YHFWRU VXE￿VSDFHV
WDQJHQW WR WKH FRPSOH[￿ FHQWHU DQG VWDEOH VXE￿PDQLIROGV￿ ,Q WKH SUHVHQW SDSHU ZH DGGUHVV
WKH ORFDWLRQ RI WKH FHQWHU PDQLIROGV DV VXEVHWV RI .￿
 7\SHV RI HLJHQYDOXHV
)URP HTXDWLRQV ￿￿￿￿ DQG ￿￿￿￿ LW FDQ EH VHHQ WKDW ERWK WKH QXPEHU RI FRPSOH[ HLJHQYDOXHV
DQG WKH PDJQLWXGH WKHLU UHDO SDUWV GHSHQG RQ ￿￿ 7KH SRO\QRPLDO HTXDWLRQ J￿￿￿  ￿￿ PD\










$V WKH HLJHQYDOXHV LQYROYH VTXDUH URRWV RI WKH ￿￿ WKHQ WKH IROORZLQJ W\SHV RI ￿SDLUV￿ RI
HLJHQYDOXHV PD\ RFFXU￿
q W\SH , HLJHQYDOXHV LI ￿L LV UHDO DQG QRQ￿QHJDWLYH￿ 7KHUHIRUH￿ WKH DVVRFLDWHG HLJHQYDOXHV￿
w,V
L DQG w,X
L ￿ DUH UHDO￿ y,
L LV UHDO DQG VLJQIy,
L J  VLJQIw,V
L J￿
q W\SH ,, HLJHQYDOXHV LI ￿L LV UHDO DQG QHJDWLYH￿ 7KH DVVRFLDWHG SDLU RI HLJHQYDOXHV DUH
FRPSOH[ ZLWK D SRVLWLYH UHDO SDUW￿ DV w,,V
L ￿w ,,X











L  ￿￿nL LV UHDO DQG ODUJHU WKDQ ￿￿
￿q W\SH ,,, HLJHQYDOXHV LI WKHUH LV D SDLU RI FRPSOH[ FRQMXJDWH ￿L ￿￿L￿￿ 7KHUHIRUH WKH
DVVRFLDWHG SDLU RI HLJHQYDOXHV LV FRPSOH[￿ DV w,,,V
L ￿w ,,,X
























ZKHUH mL ! ￿￿ nL ! ￿D Q GL ￿ 
S
b￿￿ 7KHQ WKHUH LV DQ DVVRFLDWHG FRPSOH[ FRQMXJDWH
SDLU y,,,
L DQG y,,,
L ￿ +RZHYHU￿ WKHLU VXP DQG SURGXFW DUH UHDO￿ DV y,,,
L ￿ y,,,
L  ￿￿￿ b
mL￿nL￿D Q Gy,,,
L y,,,
L  ￿￿bmL￿nL￿￿￿￿mLnL￿ :KLOH WKH IRUPHU VXP KDV DQ DPELJXRXV
VLJQ￿ WKH ODWWHU SURGXFW LV DOZD\V SRVLWLYH￿
7KLV FODVVLnFDWLRQ DOORZV XV WR REVHUYH WKDW D QHFHVVDU\ FRQGLWLRQ IRU WKH H[LVWHQFH
RI HLJHQYDOXHV ZLWK ]HUR UHDO SDUWV LV WKDW WKH HLJHQYDOXHV VKRXOG EH RI W\SH ,R U, , , ￿, Q
SDUWLFXODU￿
q ]HUR HLJHQYDOXHV ZLOO RFFXU RQO\ LI WKH SDLU RI HLJHQYDOXHV LV RI W\SH ,￿ LI WKH DVVRFLDWHG
￿L LV HTXDO WR ￿￿ 7KLV LPSOLHV WKDW y,
L  ￿￿
q D SDLU RI FRPSOH[ FRQMXJDWH HLJHQYDOXHV ZLWK ]HUR UHDO SDUWV ZLOO RFFXU RQO\ LI WKH SDLU
RI HLJHQYDOXHV LV RI W\SH ,,,￿ LI WKH DVVRFLDWHG mL￿ WKDW LV WKH UHDO SDUW RI WKH DVVRFLDWHG
￿L LV HTXDO WR ￿￿ 7KLV LPSOLHV WKDW y,,,
L ￿ y,,,
L  ￿ nL DQG WKDW y,,,
L y,,,
L   n￿
L ￿￿ nL￿
 $QDO\WLFDO GHULYDWLRQ RI WKH ,ZVHWV
1H[W ZH SUHVHQW QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQV IRU WKH H[LVWHQFH RI ]HUR WR IRXU SDLUV RI
FRPSOH[ HLJHQYDOXHV￿
/HPPD ￿￿ ￿7KH ,Z
L VHWV￿ /HW ,Z
L ￿  IN ￿.￿ QFZ   LJ ZKHUH L  ￿ ￿￿￿￿￿ LV WKH QXPEHU RI
FRPSOH[ URRWV RI J￿￿￿ ￿ ￿/ H W NZ￿￿ NZ￿￿ NZ￿ DQG NZ￿ EH JLYHQ E\ HTXDWLRQV ￿￿￿ WR ￿￿￿￿￿
7KHQ
,Z
￿   IN ￿ pV ￿ ￿￿O ￿ w ￿￿O ￿ ￿ ￿J ￿￿￿￿
,Z
￿   IN ￿ pV ! ￿J>I N ￿ pV  ￿ ￿O ￿ ￿ ￿ RU O￿ ! ￿J ￿￿￿￿
,Z
￿   IN ￿ pV ￿ ￿￿O ￿ ￿ ￿ RU O￿ ! ￿J￿ ￿￿￿￿
3URRI￿ 7KH URRWV RI WKH SRO\QRPLDO HTXDWLRQ J￿￿￿ ￿ ￿


























ZKHUH ]￿￿ ]￿ DQG ]￿ DUH WKH URRWV RI WKH UHGXFHG FXELF SRO\QRPLDO HTXDWLRQ ]￿￿O￿]￿￿O￿]￿
O￿  ￿￿




]￿￿￿   b
￿
￿







￿V￿ b V￿￿L ￿￿￿￿
￿ZKHUH L ￿ 
S




















GLVFULPLQDQW LV pV ￿  T￿ ￿ U￿￿ $FFRUGLQJ WR WKH )XQGDPHQWDO WKHRUHP RI $OJHEUD WKH URRWV
]L YHULI\￿
]￿ ￿ ]￿ ￿ ]￿   bO￿
]￿]￿ ￿ ]￿]￿ ￿ ]￿]￿   O￿
]￿]￿]￿   bO￿￿
)LUVW￿ pV ￿ ￿D Q GO￿ ￿ ￿R UO￿ ! ￿L mQFZ  ￿￿ 6XpFLHQF\￿ $V pV ￿ ￿ WKHQ WKH WKUHH
]L DUH UHDO DQG DOVR DV O￿ ￿ ￿ WKHQ￿ Y￿ J￿￿ ]￿ w ￿ DQG VLJQ￿]￿￿  VLJQ￿]￿￿￿ $VVXPH WKDW
WKH ODVW WZR DUH QRQ￿QHJDWLYH￿ 7KHQ O￿ ￿ ￿D Q GO￿ w ￿ ZKLFK FRQWUDGLFWV WKH DVVXPSWLRQ￿









]￿ DUH DOVR FRPSOH[ DQG￿ WKHUHIRUH￿ WKHUH
DUH WZR SDLUV RI FRPSOH[ FRQMXJDWH HLJHQYDOXHV￿ 1HFHVVLW\￿ $VVXPH WKDW WKHUH DUH WZR SDLUV
RI FRPSOH[ FRQMXJDWH HLJHQYDOXHV w￿￿￿   m￿ hn￿
￿ DQG w￿￿￿   m￿ h n￿
￿￿ 7KHQ JLYHQ HTXDWLRQV
￿""￿ DQG ￿""￿￿ WKHUH LV QR FRPSOH[ FRQMXJDWH SDLU RI ]L DQG WKHUH VKRXOG EH DW OHDVW RQH
QHJDWLYH ]L￿ )URP HTXDWLRQV ￿￿￿￿ DQG ￿￿￿￿￿ IRU KDYLQJ WKUHH UHDO ] WKHQ pV ￿ ￿ DQG DV O￿ ￿ ￿
WKHUH VKRXOG EH WZR QHJDWLYH ]L￿ Y￿J￿ ]￿￿] ￿ ￿ ￿￿ $V ]￿ LV QRQ￿QHJDWLYH￿ WKHQ O￿ ￿]￿￿]￿ ￿ ￿
DQG O￿ ￿ O￿￿]￿ ￿ ]￿￿ ￿ ￿￿ 7KHQ O￿ ￿ ￿R UO￿ ! ￿￿
6HFRQG￿ pV ! ￿R UpV  ￿D Q GO￿ ￿ ￿R UO￿ ! ￿L mQF   ￿￿ 6XpFLHQF\￿ ,I pV ! ￿ WKHUH LV
RQH UHDO ] ￿Y￿J￿ ]￿￿ LW LV QRQ￿QHJDWLYH EHFDXVH O￿ ￿ ￿ DQG D SDLU RI FRPSOH[ FRQMXJDWH ￿Y￿J￿










]￿ LV FRPSOH[￿ 7KHUHIRUH QF  ￿￿
WKDW LV￿ w￿ DQG w￿ D U HU H D OD Q Gw￿ DQG w￿ DUH FRPSOH[ FRQMXJDWH￿ ,I pV  ￿ WKHQ WKHUH DUH DW
OHDVW WZR UHDO ] ￿Y￿J￿ ]￿   ]￿   ]￿￿ ,I O￿ ￿ ￿R UO￿ ! ￿ WKH\ DUH QRQ￿]HUR DQG QHJDWLYH￿ DV ZH




]￿  ￿ DQG S
]￿ ￿
S
]￿ LV FRPSOH[ DQG QF  ￿￿ 1HFHVVLW\￿ $VVXPH WKDW WKHUH DUH WZR UHDO HLJHQYDOXHV









]￿￿ WKHUH LV RQH UHDO DQG RQH FRPSOH[￿ 7KHUH DUH RQO\ WZR SRVVLELOLWLHV￿ WKH\
DUH FRPSOH[ FRQMXJDWH￿ ]￿  x ]￿￿ RU UHDO￿ HTXDO DQG QHJDWLYH￿ ]L￿ ]￿   ]￿   ]￿￿￿ ,Q WKH nUVW
FDVH pV ￿ ￿ DQG LQ WKH VHFRQG pV  ￿D Q GO￿ ￿ b￿] DQG O￿ ￿￿ ]O￿ ￿ ￿￿ ZKLFK LPSOLHV WKDW
O￿ ￿ ￿R UO￿ ! ￿￿
7KLUG￿ pV ￿ ￿￿ O￿ w ￿D Q GO￿ ￿ ￿L mQF  ￿￿ 6XpFLHQF\￿ ,I pV ￿ ￿ WKHQ WKH WKUHH ]L
DUH UHDO￿ ,I DGGLWLRQDOO\￿ O￿ w ￿D Q GO￿ ￿ ￿ WKH\ DUH QRQ￿QHJDWLYH￿ 7KHQ￿ DV WKHLU VTXDUH
URRWV DUH DOVR QRQ￿QHJDWLYH￿ WKHUH DUH QR FRPSOH[ HLJHQYDOXHV￿ L￿H￿￿ QF  ￿￿ 1HFHVVLW\￿ ,I WKH
IRXU HLJHQYDOXHV DUH UHDO WKHQ WKH WKUHH ]L DUH QRQ￿QHJDWLYH DQG WKHQ pV ￿ ￿D Q GO￿ w ￿ DQG
O￿ ￿ ￿￿
 7KH JHRPHWU\ RI WKH ,ZVHWV
)LJXUH ￿ DQG )LJXUHV ￿￿$ WR ￿￿1 SUHVHQW LPSOLFLW SORWV IRU pV  ￿￿ 7KHVH nJXUHV PXVW EH
UHDG LQ WKH IROORZLQJ ZD\￿ nUVW￿ D SRLQW LQ WKH VSDFH ￿N￿￿N ￿￿ LV n[HG LQ nJXUH ￿￿ VHFRQG￿
￿WKH SRLQWV ODEHOHG E\ D OHWWHU UHIHU WR D nJXUH ￿ ODEHOHG ZLWK WKH VDPH OHWWHU￿ 7KH OHWWHUV
LQ nJXUH ￿ UHIHU WR WKH TXDOLWDWLYHO\ GLmHUHQW FDVHV￿ 7KLV UHSUHVHQWDWLRQ DOORZV IRU D GLUHFW
FRPSDULVRQ ZLWK DQDORJRXV nJXUHV IRU WKH RSWLPDO FRQWURO SUREOHPV IRU ￿￿GLPHQVLRQDO ￿VHH
￿%ULWR￿ ￿￿￿￿￿￿ DQG ￿￿GLPHQVLRQDO 2’( V\VWHPV ￿VHH ￿%ULWR￿ ￿￿￿￿￿￿￿
7KHUH DUH WKUHH PDLQ FDVHV￿ VHSDUDWHG E\ WKH D[LV IRU N￿  ￿D Q GE \W K HF X U Y H￿ ￿ 
￿￿￿N￿￿￿ b ￿￿N￿￿￿  ￿￿ ZKLFK LV WKH ORFXV LQ ZKLFK O￿   O￿   O￿  ￿￿
q LI N￿ ￿ ￿Z HZ L O OR Q O \K D Y HF D V H V,Z
￿ DQG ,Z
￿ ￿ WKDW LV￿ WKHUH ZLOO EH QR WZR SDLUV RI
FRPSOH[ ￿￿ $GGLWLRQDOO\￿ LI N￿   N￿  ￿ ￿VHH nJXUH ￿￿$￿￿ pV  ￿ ZLOO KDYH WZR EUDQFKHV￿
RQH FRUUHVSRQGLQJ WR WKH ZHOO NQRZQ TXDGUDWLF FDVH DQG WKH N￿￿D[LV￿ LI N￿  ￿ DQG
N￿ ￿  ￿ ￿VHH nJXUHV ￿￿% DQG ￿￿&￿ WKH GLVFULPLQDQW ZLOO EH DV\PPHWULF DURXQG WKH
N￿ D[LV DQG ZLOO GLVSOD\ WZR EUDQFKHV VXFK WKDW RQH ZLOO KDYH D VLQJXODULW\ JLYLQJ
ELUWK WR D ,Z
￿ ￿VXEVHW ￿LQVLGH￿ D ,Z
￿ ￿DUHD￿ DQG LI N￿ ￿ ￿ ￿VHH nJXUHV ￿￿’￿ ￿￿) DQG ￿￿*￿
WKHQ pV  ￿ ZLOO GLVSOD\ WZR VHSDUDWH ,Z
￿ ￿EUDQFKHV VWDUWLQJ DW WZR VLQJXODULW\ SRLQWV
VSUHDGLQJ DZD\ IURP WKH N￿￿D[LV ZKHQ N￿ EHFRPHV GLmHUHQW IURP ]HUR￿ $JDLQ￿ WKH VLJQ
RI N￿ ZLOO RQO\ FRQWURO IRU WKH DV\PPHWU\ RI WKH VLQJXODULW\ SRLQWV DURXQG WKH N￿￿D[LV￿
q LI N￿ ! ￿D Q G￿ w ￿ WKHQ DOO FDVHV￿ ,Z
￿ ￿ ,Z
￿ DQG ,Z
￿ ￿ DUH SRVVLEOH ￿VHH nJXUHV ￿￿(￿ ￿￿+￿
￿￿,￿ ￿￿-￿ ￿￿/ DQG ￿￿1￿￿ 1RZ ZH DOZD\V KDYH D QHZ NLQG RI VLQJXODULW\ SRLQW ￿FDOOHG
GRXEOH SRLQW￿ LQ ZKLFK WZR WDQJHQWV WR pV  ￿ LQWHUFHSW￿ DQG ZKLFK VHSDUDWHV WKH WKUHH
,Z VXEVHWV￿ DQG￿ LQ SDUWLFXODU ,Z
￿ IURP ,Z
￿ ￿ $JDLQ￿ WKH VLJQ RI N￿ LV RQO\ LPSRUWDQW WR
ORFDWH WKDW VLQJXODULW\ SRLQW DV UHJDUGV WKH N￿￿D[LV ￿LW ZLOO EH ORFDWHG LQ WKH N￿￿D[LV
ZKHQ N￿  ￿￿￿ ,Q WKH ERUGHUOLQH FDVH ￿nJXUHV ￿￿- DQG ￿￿/￿￿ ZKHQ ￿  ￿ ZH ZLOO KDYH


















￿W K D W
ZLOO JLYH ELUWK WR WKH EHKDYLRU GHVFULEHG QH[W￿
q LI N￿ ! ￿D Q G￿￿￿ ZH PD\ DOVR KDYH DOO FDVHV￿ ,Z
￿ ￿ ,Z
￿ DQG ,Z
￿ ￿VHH nJXUHV ￿￿.
DQG ￿￿0￿￿ +RZHYHU￿ WKHUH ZLOO EH D WUDQVLWLRQ VXEVHW ￿ZKRVH ORFDWLRQ DV UHJDUGV WKH
N￿￿D[LV LV DJDLQ FRQWUROOHG E\ WKH VLJQ RI N￿￿ EHWZHHQ WKH WZR IRUPHU FDVHV￿ 7KLV ZLOO
EH PDWHULDOL]HG E\ D FORVHG ,Z
￿ VXEVHW LQVLGH D ,Z
￿ DUHD￿
 7KH ,NVHWV
,Q VRPH FDVHV￿ UHODWHG WR WKH ORFDWLRQ RI WKH ORFDO ELIXUFDWLRQV LW LV LPSRUWDQW WR NQRZ WKH
QXPEHU RI SDLU RI FRPSOH[ HLJHQYDOXHV￿ GHnQHG RYHU WKH .￿VSDFH￿ 7KLV LV GRQH LQ WKH QH[W
UHVXOW￿
/HPPD ￿￿ /HW ,N
L ￿  IN ￿.￿ QF   LJ IRU L  ￿ ￿￿￿￿￿￿/ H WNZ￿￿ NZ￿￿ NZ￿ DQG NZ￿ EH JLYHQ
E\ HTXDWLRQV ￿￿￿ WR ￿￿￿￿￿ 7KHQ
,N
￿   IN ￿, Z
￿ ￿ NZ￿ w ￿￿N Z￿ ￿ ￿￿N Z￿ w ￿￿N Z￿ ￿ ￿J ￿￿￿￿
,N
￿ ￿  IN ￿, Z
￿ ￿ NZ￿ ￿ ￿￿N Z￿ w ￿￿N Z￿ ￿ ￿￿ RU NZ￿ w ￿￿N Z￿ ￿ ￿J ￿￿￿￿
,N
￿   IN ￿, Z
￿ ￿ NZ￿ w ￿￿N Z￿ ￿ ￿ RU NZ￿ w ￿ DQG NZ￿ ! ￿￿N Z￿ ￿ ￿ RU
￿RU NZ￿ ￿ ￿￿N Z￿ ! ￿J>I N ￿, Z
￿ ￿ NZ￿ w ￿￿N Z￿ ￿ ￿￿N Z￿ ! ￿￿N Z￿ ￿ ￿J ￿￿￿￿
,N
￿   IN ￿, Z
￿ ￿ NZ￿ ￿ ￿￿N Z￿ ￿ ￿￿N Z￿ ￿ ￿￿ RU NZ￿ ! ￿￿N Z￿ ! ￿J>
>IN ￿, Z
￿ ￿ NZ￿ ￿ ￿ RU NZ￿  ￿ ￿N Z￿ ! ￿J ￿￿￿￿
,N
￿   IN ￿, Z
￿ ￿ NZ￿ ! ￿￿N Z￿ ! ￿￿N Z￿ ! ￿￿N Z￿ ! ￿J>
>IN ￿, Z
￿ ￿ NZ￿ ! ￿￿N Z￿ ! ￿ RU NZ￿ ￿ ￿￿N Z￿ ￿ ￿ RU￿ NZ￿ ! ￿￿N Z￿ ￿ ￿J>
>IN ￿, Z
￿ J￿ ￿￿￿￿
3URRI￿ $V ZH KDYH VHHQ￿ WKH QXPEHU RI SDLUV RI FRPSOH[ HLJHQYDOXHV GHSHQGV XSRQ WKH W\SH
RI HLJHQYDOXHV￿ 7KHVH GHSHQG￿ nUVW￿ RQ WKH W\SHV RI ￿L￿ ZKLFK DUH VROXWLRQV RI D TXDUWLF
SRO\QRPLDO HTXDWLRQ ￿￿￿￿ ZKLFK GHWHUPLQH WKH VHWV ,Z
￿ WR ,Z
￿ LQ HTXDWLRQV ￿￿￿￿ WR ￿￿￿￿￿ $
QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQ IRU WKH H[LVWHQFH RI M  ￿ ￿￿￿￿￿￿ SDLUV RI FRPSOH[ FRQMXJDWH
￿ LV WKDW N ￿, Z
M ￿ 7KHQ N ￿, Z
￿ LV D VXpFLHQW FRQGLWLRQ IRU WKH H[LVWHQFH RI IRXU SDLUV RI
FRPSOH[ HLJHQYDOXHV￿ LH IRU QF  ￿￿ ,I N  ￿, Z
￿ FRPSOH[ HLJHQYDOXHV DUH UHODWHG WR W\SH WZR
HLJHQYDOXHV ZKLFK DUH DVVRFLDWHG WR UHDO EXW QHJDWLYH ￿L￿ 7KHQ ZH KDYH WR IXUWKHU SDUWLWLRQ
WKH VXEVHWV ,Z
￿ DQG ,Z




￿L   bNZ￿
￿ ;
M!L ￿
￿L￿M   NZ￿
￿ ;
O!M!L ￿
￿L￿M￿O   bNZ￿
￿ <
L ￿
  NZ￿￿ ￿￿￿￿
/HW N ￿, Z
￿ ￿ DQG DVVXPH￿ ZLWK QR ORVV RI JHQHUDOLW\ WKDW ￿￿ DQG ￿￿ DUH UHDO DQG WKDW
￿￿￿￿   m h nL￿ 7KHQ QF FDQ EH HTXDO WR ￿￿ ￿ RU ￿ LI WKHUH DUH ]HUR￿ RQH RU WZR QHJDWLYH UHDO
￿￿ 7KH V\VWHP ￿￿￿￿EHFRPHV
￿￿ ￿ ￿￿ ￿￿ m   bN￿Z ￿￿￿￿
￿￿￿￿ ￿￿ m￿￿￿ ￿ ￿￿￿￿m￿ ￿ n￿   NZ￿ ￿￿￿￿
￿m￿￿￿￿ ￿￿ ￿￿ ￿ ￿￿￿￿m￿ ￿ n￿￿ bNZ￿ ￿￿￿￿
￿￿￿￿￿m￿ ￿ n￿￿ NZ￿￿ ￿￿￿￿
1RWH WKDW WKH WHUP m￿ ￿ n￿ LV DOZD\V SRVLWLYH￿ HYHQ LI m  ￿￿ )LUVW￿ NZ￿ ￿ ￿R UNZ￿  ￿
DQG NZ￿ ! ￿L mQF  ￿￿ L￿H￿ LI WKHUH LV RQH QHJDWLYH ￿￿V D \￿￿ ￿ ￿￿ $V VLJQ￿NZ￿￿  VLJQ￿￿￿￿￿￿
WKHQ NZ￿ ￿ ￿L m￿￿ ! ￿D Q G￿￿ ￿ ￿￿ $QG ￿￿  ￿D Q G￿￿ ￿ ￿L mNZ￿  ￿ DQG NZ￿ ! ￿￿
6HFRQG￿ NZ￿ w ￿ LV D QHFHVVDU\ FRQGLWLRQ IRU ERWK QF  ￿R UQF  ￿￿ ,Q WKH nUVW FDVH￿
￿￿ DQG ￿￿ DUH QRQ￿QHJDWLYH DQG LQ WKH VHFRQG FDVH WKH\ DUH QHJDWLYH￿ %DVLFDOO\￿ ZH KDYH
WR GHWHUPLQH WKH ERXQGDU\ EHWZHHQ WKH WZR VXEVHWV￿ 2EYLRXVO\ WKH SRLQW NZ￿   NZ￿  ￿
EHORQJV WR WKLV ERXQGDU\ ￿DQG LW LPSOLHV QF  ￿￿￿ $QG ORFDOO\ LI NZ￿ LV VOLJKWO\ SRVLWLYH DQG
LI NZ￿ ! ￿W K H QQF  ￿ DQG LI NZ￿ ￿ ￿ WKHQ QF  ￿￿ *LYHQ WKH VWUXFWXUH RI WKH QRQ￿OLQHDU
V\VWHP ￿￿￿￿ WR ￿￿￿￿￿ EHIRUH GHWHUPLQLQJ WKH VLJQV RI ￿￿ DQG ￿￿ ZH KDYH WR NQRZ WKH VLJQ RI

















w NZ￿ w ￿￿
NZ￿ ! ￿ DQG VLJQ￿NZ￿￿  VLJQ￿NZ￿￿￿ 6HYHUDO WKLQJV FDQ EH VDLG DERXW WKH m  ￿￿ORFXV￿ ￿L￿
￿￿LW EHORQJV WR VXEVHWV RI . V H W VL QZ K L F KNZ￿ ! ￿￿ NZ￿ ! ￿D Q GNZ￿ ! ￿R UNZ￿ ! ￿￿ NZ￿ ! ￿














￿ LQ WKH LQWHULRU RI WKH WZR IRUPHU VHWV￿ ￿LLL￿ WKH WZR OLPLWLQJ
ORFXV FRQYHUJH WR D FRPPRQ SRLQW LQ WKH NZ￿  ￿￿ORFXV LQ ZKLFK NZ￿ ! ￿￿ 7KHQ WKH VLJQ RI
m LQVLGH DQG RXWVLGH WKRVH WZR UHJLRQV DUH V\PPHWULF￿ 7R GHWHUPLQH WKH VLJQV RI m LQ WKH
LQWHULRU RI WKRVH VXEVHWV QRWH WKDW ZH KDYH WKH IROORZLQJ VXpFLHQW FRQGLWLRQV￿ LI NZ￿ ! ￿￿
NZ￿ ! ￿￿ NZ￿ ! ￿D Q GNZ￿ ! ￿ WKHQ QF  ￿D Q Gm ￿ ￿ DQG LI NZ￿ ! ￿￿ NZ￿ ￿ ￿￿ NZ￿ ! ￿
DQG NZ￿ ￿ ￿ WKHQ QF  ￿D Q Gm!￿￿ +RZHYHU DV ZKLOH WKH nUVW FRQGLWLRQ GHnQH D FORVHG
￿RU HPSW\￿ VXEVHW LQ WKH VSDFH .￿ WKH VHFRQG FRQGLWLRQ GHnQHV DQ RSHQ UHJLRQ￿ 7KHQ m













DQG SRVLWLYH LQ WKH FRPSOHPHQW￿ 7KHQ￿ REYLRXVO\￿
NZ￿ w ￿￿ NZ￿ ￿ ￿￿ NZ￿ ! ￿D Q GNZ￿ ￿ ￿L mQF  ￿￿ $QG N EHORQJV WR WKH FRPSOHPHQW RI WKH
VHW LQ ZKLFK NZ￿ ! ￿L mQF  ￿￿
1RZ￿ OHW N ￿ ,Z
￿ DQG WKH IRXU ￿L DUH UHDO DQG WKH QXPEHU RI WKHP ZKLFK DUH QHJDWLYH
LV HTXDO WR QF￿/ H WNZ￿ w ￿￿ 7KHQ QF LV DQ HYHQ QXPEHU HTXDO WR ￿￿ ￿￿ RU ￿￿ 7KH IROORZLQJ
QHFHVVDU\ FRQGLWLRQV KROG￿ LI QF  ￿ WKHQ NZ￿ w ￿￿ NZ￿ ￿ ￿￿ NZ￿ w ￿D Q GNZ￿ ￿ ￿D Q GL I
QF  ￿ WKHQ NZ￿ ! ￿￿ NZ￿ ! ￿￿ NZ￿ ! ￿D Q GNZ￿ ! ￿￿ :H ZLOO SURYH WKDW WKH\ DUH LQGHHG
QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQV E\ SURYLQJ WKDW WKH\ H[FOXGH WKH QF  ￿ FDVH￿ :LWK QR
ORVV RI JHQHUDOLW\ DVVXPH WKDW ￿￿ DQG ￿￿ DUH QHJDWLYH DQG WKDW ￿￿ DQG ￿￿ DUH QRQ￿QHJDWLYH￿
:LOO WKLV FDVH KROG LI NZ￿ ￿ ￿￿ NZ￿ w ￿D Q GNZ￿ ￿ ￿" )LUVW￿ NZ￿ ￿ ￿L mM ￿￿￿￿￿ M￿M ￿￿￿￿￿ M￿
6HFRQG￿ WKH WKLUG HTXDWLRQ LQ ￿￿￿￿ ZLOO RQO\ EH WUXH ZKHQ NZ￿ ￿ ￿L m￿￿￿￿ w ￿￿￿￿￿ ZKLFK LV
FRQVLVWHQW ZLWK WKH IRUPHU LQHTXDOLW\￿ $W ODVW WDNLQJ LQWR FRQVLGHUDWLRQ WKH PDJQLWXGHV RI ￿
LQ WKH VHFRQG HTXDWLRQ RI￿￿￿￿ ZH JHW DQG LQWHUYDO IRU NZ￿￿ ￿￿
￿ ￿￿￿
￿ ￿b NZ￿ ￿ ￿￿
￿ ￿￿￿
￿ ZKLFK
FRQWUDGLFWV WKH DVVXPSWLRQ WKDW NZ￿ LV QRQ￿QHJDWLYH￿ 1RZ￿ ZLOO LW KROG LI NZ￿ ! ￿￿ NZ￿ ! ￿
DQG NZ￿ ! ￿" )LUVW￿ NZ￿ ! ￿L mM ￿￿ ￿ ￿￿ M!M ￿￿ ￿ ￿￿ M￿ 7KHQ ￿￿￿￿ w ￿￿￿￿￿ 6HFRQG￿ WKRVH
UHODWLRQV LPSO\ WKDW ￿￿
￿ ￿ ￿￿
￿ wb NZ￿ w ￿￿
￿ ￿ ￿￿
￿ ZKLFK DJDLQ FRQWUDGLFWV WKH DVVXPSWLRQ
WKDW NZ￿ LV SRVLWLYH￿ 6XPPLQJ XS￿ WKH IRUPHU FRQGLWLRQV IRU QF  ￿D Q GQF  ￿ DUH LQGHHG
QHFHVVDU\ DQG VXpFLHQW DQG QF  ￿L VG H nQHG LQ WKHLU .￿FRPSOHPHQW LQ ZKLFK NZ￿ w ￿￿
$W ODVW￿ OHW NZ￿ ￿ ￿￿ 7KHQ QF LV DQ RGG QXPEHU HTXDO WR ￿ RU ￿￿ :LWK QR ORVV RI
JHQHUDOLW\ DVVXPH WKDW ￿￿ w ￿￿ ￿￿ ￿ ￿ DQG WKDW VLJQ￿￿￿￿  VLJQ￿￿￿￿￿ ,I LW LV QHJDWLYH WKHQ
QF  ￿ DQG LI LW LV QRQ￿QHJDWLYH WKHQ QF  ￿￿ 7KHUH LV QRW D QDWXUDO VWDUWLQJ SRLQW IRU
ORRNLQJ DW WKH V\VWHP ￿￿￿￿￿ +RZHYHU￿ VROYLQJ WKH nUVW WZR HTXDWLRQV RI ￿￿￿￿ IRU ￿￿ ￿ ￿￿








  bNZ￿￿NZ￿￿￿￿￿￿￿￿D Q GNZ￿￿NZ￿￿￿￿￿￿￿￿￿￿￿￿
￿￿￿￿￿￿￿￿￿
￿￿ ￿ ￿￿
$V NZ￿ ￿ ￿ DQG VLJQ￿￿￿￿  VLJQ￿￿￿￿ WKHQ WKRVH HTXDWLRQV ZLOO RQO\ KROG LI
VLJQ￿￿￿ ￿ ￿￿￿ bVLJQ￿bNZ￿ ￿ ￿￿￿￿NZ￿￿￿ ￿ ￿ ￿
NZ￿ ￿ NZ￿￿￿￿ ￿ ￿￿￿ ￿ ￿￿ ￿￿￿￿
1H[W ZH SURYH WKDW QF  ￿L mNZ￿ w ￿D Q GNZ￿ ￿ ￿R UNZ￿ w ￿D Q GNZ￿ ￿ ￿￿ /HW NZ￿ w ￿
DQG QF  ￿￿ 7KHQ FRQGLWLRQV ￿￿￿￿ DQG ￿￿￿￿ ZLOO RQO\ EH PHW LI NZ￿ ￿ ￿ LUUHVSHFWLYH RI WKH
￿￿VLJQ RI NZ￿ ￿ ￿￿, INZ￿ w ￿D Q GQF  ￿ WKHQ FRQGLWLRQ ￿￿￿￿ FDQ KROG IRU DQ\ VLJQ RI NZ￿￿
$GGLWLRQDOO\￿ FRQGLWLRQ ￿￿￿￿ ZLOO RQO\ EH PHW LI NZ￿ w ￿ ￿ 7KH FDVH QF  ￿ KROGV LQ WKH
FRPSOHPHQW￿
 7KH ORFDWLRQ DQG FKDUDFWHUL]DWLRQ RI ORFDO ELIXUFDWLRQV
$IWHU FKDUDFWHUL]LQJ WKH VXEVHWV RI WKH VSDFH . DFFRUGLQJ WR WKH QXPHULF IHDWXUHV RI WKH
HLJHQYDOXHV ZH FDQ ORFDWH WKH WZR PDLQ VRXUFHV RI ELIXUFDWLRQV￿ IROG DQG +RSI ELIXUFDWLRQV￿
7KH nUVW DUH ORFDWHG E\ ]HUR UHDO HLJHQYDOXHV DQG WKH ODWWHU WR FRPSOH[ HLJHQYDOXHV ZLWK
]HUR UHDO SDUWV￿ ,Q D V\VWHP RI WKLV GLPHQVLRQ ZH PD\ DOVR KDYH KLJKHU￿GLPHQVLRQDO IROG DQG
+RSI ELIXUFDWLRQV DQG FRPELQDWLRQV EHWZHHQ WKHP￿ DV ZHOO￿
 $QDO\WLFDO GHULYDWLRQ
7KH IRUPHU UHVXOWV RQ WKH FODVVLnFDWLRQ RI WKH FRPSOH[ VXE￿PDQLIROGV DOORZV XV WR REVHUYH
WKDW D QHFHVVDU\ FRQGLWLRQ IRU WKH H[LVWHQFH RI HLJHQYDOXHV ZLWK ]HUR UHDO SDUWV LV WKDW WKH
HLJHQYDOXHV VKRXOG EH RI W\SH , RU ,,,￿ ,Q SDUWLFXODU￿
q ]HUR HLJHQYDOXHV ZLOO RFFXU RQO\ LI WKH SDLU RI HLJHQYDOXHV LV RI W\SH ,￿ LI WKH DVVRFLDWHG
￿L LV HTXDO WR ￿￿ 7KLV LPSOLHV WKDW y,
L  ￿￿
q D SDLU RI FRPSOH[ FRQMXJDWH HLJHQYDOXHV ZLWK ]HUR UHDO SDUWV ZLOO RFFXU RQO\ LI WKH SDLU
RI HLJHQYDOXHV LV RI W\SH ,,,￿ LI WKH DVVRFLDWHG mL￿ WKDW LV WKH UHDO SDUW RI WKH DVVRFLDWHG
￿L LV HTXDO WR ￿￿ 7KLV LPSOLHV WKDW y,,,
L ￿ y,,,
L  ￿ nL DQG WKDW y,,,
L y,,,
L   n￿
L ￿￿ nL￿
1RZ￿ FRQVLGHU DOO WKH URRWV RI WKH SRO\QRPLDO J￿￿￿  ￿￿ $V￿ LI N ￿, Z
￿ WKHUH DUH ￿ SDLUV
RI FRPSOH[ FRQMXJDWH ￿L￿L IN ￿, Z
￿ WKHUH LV RQH SDLU RI FRPSOH[ FRQMXJDWH DQG WZR UHDO ￿L
DQG LI N ￿, Z
￿ WKHUH DUH IRXU UHDO ￿L￿ WKHQ￿
q N ￿, Z
￿ LV D QHFHVVDU\ FRQGLWLRQ IRU WKH H[LVWHQFH RI +RSI RU +RSI￿+RSI ELIXUFDWLRQV￿
q N ￿, Z
￿ LV D QHFHVVDU\ FRQGLWLRQ IRU WKH H[LVWHQFH RI ￿￿ RU ￿￿IROG￿ +RSI RU ￿￿ RU ￿￿IROG￿
+RSI ELIXUFDWLRQV￿
q N ￿, Z
￿ LV D QHFHVVDU\ FRQGLWLRQ IRU WKH H[LVWHQFH RI ￿￿ WR ￿￿IROG ELIXUFDWLRQV￿
,Q WKLV VHFWLRQ ZH ZLOO FKDUDFWHUL]H WKH IROORZLQJ VXEVHWV
&N
L ￿  IN ￿.￿ Q￿   LJ L  ￿ ￿￿￿￿￿￿￿ ￿￿￿￿
,Q DOO WKH QH[W SURYHV ZH ZLOO XVH WKH IROORZLQJ UHVXOW
￿1RWH WKDW LI NZ￿   NZ￿   NZ￿  ￿W K H QQ
F  ￿L mNZ￿ ! ￿￿ 7KH FDVH NZ￿   NZ￿   NZ￿   NZ￿￿ EHORQJV



















/HPPD ￿￿ $ QHFHVVDU\ FRQGLWLRQ IRU WKH H[LVWHQFH RI D +RSI￿+RSI ELIXUFDWLRQ LV WKDW N ￿
&N
K￿￿Z K H U H
&N
K￿   IN ￿, Z
















































￿￿ N￿￿N ￿ ! ￿￿N ￿ ! ￿￿N ￿ ! ￿￿N ￿ ! ￿
￿
￿￿￿￿
3URRI￿ 7KH OLQHDU SDUW RI WKH +RSI￿+RSI ELIXUFDWLRQ ￿VHH ￿.X]QHWVRY￿ ￿￿￿￿￿￿ KDV WZR SDLUV RI
FRPSOH[ HLJHQYDOXHV ZLWK ]HUR UHDO SDUW￿ 7KHUHIRUH ZH VKRXOG KDYH IRXU SDLUV RI HLJHQYDOXHV
RI W\SH ,,,￿DVVRFLDWHG ZLWK WZR SDLUV RI FRPSOH[ ￿ ZLWK D UHDO SDUW HTXDO WR ￿￿ 7KHUHIRUH
N ￿ ,Z
￿ ￿ DQG ZLWKRXW ORVV RI JHQHUDOLW\ ZH PD\ ZULWH V\VWHP ￿￿￿￿ WR ￿￿￿￿ DV
N￿  ￿￿￿ b m￿ ￿ n￿ ￿￿b m￿ ￿ n￿￿￿ ￿ ￿ ￿
N￿  ￿￿ b m￿ ￿ n￿￿￿ ￿￿ m￿n￿ ￿￿ ￿ ￿b m￿ ￿ n￿￿￿￿ b m￿ ￿ n￿￿￿￿ ￿b m￿ ￿ n￿￿￿ ￿￿ m￿n￿ ￿￿￿￿
N￿  ￿￿￿ b m￿ ￿ n￿￿>￿￿ b m￿ ￿ n￿￿￿ ￿￿ m￿n￿@ ￿ ￿￿￿ b m￿ ￿ n￿￿>￿￿ b m￿ ￿ n￿￿￿ ￿￿ m￿n￿@ ￿￿￿￿
N￿  >￿￿ b m￿ ￿ n￿￿￿ ￿￿ m￿n￿@>￿￿ b m￿ ￿ n￿￿￿ ￿￿ m￿n￿@￿ ￿￿￿￿
ZKHUH n￿ DQG n￿ VKRXOG EH UHDO DQG SRVLWLYH￿ )RXU WKH HLVWHQFH RI WZR SDLUV RI HLJHQYDOXHV
ZLWK ]HUR UHDO SDUW WKHQ m￿   m￿  ￿ DQG WKH V\VWHP ￿￿￿￿ WR ￿￿￿￿ EHFRPHV
N￿  ￿￿n￿ ￿ n￿￿￿ ￿ ￿ ￿
￿￿N￿   n￿
￿ ￿￿ n￿ ￿￿ n￿n￿ ￿ n￿
￿ ￿￿ n￿ ￿￿￿￿
N￿  ￿ n￿￿n￿
￿ ￿￿ n￿￿￿￿ n￿￿n￿
￿ ￿￿ n￿￿￿ ￿ ￿ ￿
N￿  ￿ n￿
￿ ￿￿ n￿￿￿n￿
￿ ￿￿ n￿￿￿ ￿￿￿￿
ZKHUH n￿ DQG n￿ VKRXOG EH UHDO DQG SRVLWLYH￿ 7KHQ N! !￿￿ 6ROYLQJ HTXDWLRQV ￿￿￿￿ DQG
￿￿￿￿ ZH JHW n￿   N￿
￿ b n￿ DQG n￿
￿ b N￿










 ￿￿ 7KH FRQGLWLRQV












￿￿ N￿ bN￿ w ￿￿ 7KHVH FRQGLWLRQV GHnQH UHVWULFWLRQV RQ WKH YDOXHV RI N￿ DQG N￿￿$ V
HTXDWLRQV ￿￿￿￿ DQG ￿￿￿￿ VKRXOG DOVR KROG￿ LI ZH VXEVWLWXWH WKH YDOXHV IRU n￿ DQG n￿ WKHQ ZH
nQG WKH WZR HTXDWLRQV ZKLFK GHnQH K￿  ￿￿
7KH VHW K￿  ￿ GHnQHV D ￿￿GLPHQVLRQDO PDQLIROG RYHU WKH ￿￿GLPHQVLRQDO VSDFH .￿ 7KHUH￿
IRUH￿ ZH PD\ n[ WZR FR￿RUGLQDWHV DQG JHW SDUWLFXODU YDOXHV IRU WKH RWKHU WZR￿




K￿   IN,Z













































































D￿￿   b￿N￿￿￿￿￿￿ ￿ N￿ ￿￿ ￿ N￿￿ b ￿ ￿ ￿￿￿ N￿￿￿￿￿ ￿ N￿￿￿ ￿￿￿￿
D￿￿  ￿￿N￿ ￿￿ ￿ N￿￿￿￿￿￿￿ ￿ N￿ ￿￿ ￿ N￿￿ b ￿ ￿ ￿￿￿ N￿￿￿￿￿ ￿ N￿￿￿ b
b ￿￿￿ ￿ N￿￿￿￿￿N￿ b N￿￿￿￿ ￿ N￿￿￿ ￿￿￿￿
D￿￿   b￿￿￿￿ ￿ N￿ ￿￿ ￿ N￿￿￿￿￿￿￿ ￿ N￿ ￿￿ ￿ N￿￿ b ￿ ￿ ￿￿￿ N￿￿￿￿￿ ￿ N￿￿￿
b ￿￿￿ ￿ N￿￿￿￿￿￿￿ ￿ N￿￿￿N￿ ￿￿ N￿￿ b ￿￿￿N￿ ￿￿ ￿ N￿￿￿ ￿￿￿￿
D￿￿   D￿￿￿￿￿￿￿ ￿ N￿￿￿N￿ ￿￿ N￿￿ b ￿￿￿N￿ ￿￿ ￿ N￿￿￿ b
b D￿￿￿￿￿￿￿ ￿ N￿ ￿￿ ￿ N￿￿ b ￿ ￿ ￿￿￿ N￿￿￿￿￿ ￿ N￿￿￿ ￿￿￿￿
D￿￿   D￿￿￿￿￿N￿ b N￿￿￿￿ ￿ N￿￿￿ b D￿￿￿￿￿￿￿ ￿ N￿ ￿￿ ￿ N￿￿ b ￿ ￿ ￿￿￿ N￿￿￿￿￿ ￿ N￿￿￿ ￿￿￿￿
￿￿3URRI￿ $JDLQ￿ ZH WDNH WKH V\VWHP ￿￿￿￿ WR ￿￿￿￿ DQG VHW￿ ZLWKRXW ORVV RI JHQHUDOLW\ m￿  ￿
DQG m￿ ￿  ￿D Q Gn￿ ! ￿D Q Gn￿ ! ￿￿ 7KHQ￿ ZH KDYH WKUHH XQNQRZQV DQG IRXU HTXDWLRQV￿
)URP HTXDWLRQ ￿￿￿￿ ZH JHW m￿  ￿￿n￿ ￿n￿ b N￿
￿ ￿ IURP HTXDWLRQ ￿￿￿￿￿ XSRQ VXEVWLWXWLRQ RI
m￿￿Z HJ H W￿ ￿ n￿
￿ ￿￿￿￿b￿N￿ ￿￿￿n￿￿n￿ ￿￿￿n￿ b￿N￿b￿n￿
￿ ￿N￿
￿ ￿￿n￿N￿  ￿ DQG￿ DJDLQ XSRQ
VXEVWLWXWLRQ￿ IURP HTXDWLRQV ￿￿￿￿ DQG ￿￿￿￿￿ ZH JHW
￿n￿
￿ ￿￿ ￿b ￿N￿￿n￿
￿ ￿￿ N￿ b ￿￿￿ ￿ N￿￿￿n￿
￿ ￿￿ N￿n￿ b N￿  ￿￿ ￿ ￿ ￿
￿n￿
￿ b ￿￿N￿ ￿ ￿￿￿n￿
￿ ￿￿ ￿ N￿ ￿￿ N￿￿n￿ b N￿  ￿ ￿ ￿￿￿￿
)URP WKLV V\VWHP ZH JHW ERWK D VROXWLRQ IRU n￿   bD￿￿
D￿￿ DQG D UHVWULFWLRQ RYHU N￿ ZKLFK LV
WKH ￿￿GLPHQVLRQDO PDQLIROG ZKLFK GHnQHV K￿￿N￿￿ 7KH UHVWULFWLRQV RQ WKH YDOXHV m￿￿ n￿ DQG
n￿ GHWHUPLQH WKH UHVWULFWLRQV RQ WKH VSDFH LQ ZKLFK WKDW PDQLIROG LV GHnQHG￿ DV LQ HTXDWLRQ
￿￿￿￿￿
7KH VHW K￿￿N￿  ￿ GHnQHV D ￿￿GLPHQVLRQDO PDQLIROG RYHU .￿
1RZ ZH ZLOO SUHVHQW WKH ELIXUFDWLRQV DVVRFLDWHG ZLWK ,Z
￿ ￿




K￿I￿   IN ￿, Z









b ￿N￿ ￿ N￿ ! ￿￿N ￿ ! ￿￿N ￿   N￿  ￿
￿
￿￿￿￿
3URRI￿ 1RZ￿ DV WKH ELIXUFDWLRQV ZLOO EH UHODWHG WR ]HUR UHDO SDUWV RI HLJHQYDOXHV RI W\SHV ,
DQG ,,,￿ V\VWHP ￿￿￿￿ WR ￿￿￿￿ ZLOO EH LQ JHQHUDO
N￿   y,
￿ ￿ y,
￿ ￿￿ ￿ ￿b m ￿ n￿￿ ￿ ￿ ￿
N￿   y,
￿y,
￿ ￿￿ ￿ y,
￿ ￿ y,
￿￿￿￿ b m ￿ n￿￿￿ ￿b m ￿ n￿￿ ￿￿ mn ￿￿￿￿
N￿  ￿ y,
￿y,
￿￿￿ b m ￿ n￿￿￿ y,
￿ ￿ y,
￿￿>￿￿ b m ￿ n￿￿ ￿￿ mn@￿ ￿ ￿ ￿
N￿   y,
￿y,
￿>￿￿ b m ￿ n￿￿ ￿￿ mn@￿ ￿￿￿￿
$V￿ LQ WKLV FDVH ZH VKRXOG KDYH y,
￿   y,
￿  ￿D Q Gm  ￿￿ WKHQ WKH V\VWHP VLPSOLnHV WR
N￿   N￿  ￿￿ n￿ ￿￿ n   N￿ DQG N￿  
n
￿ IRU n!￿￿ 7KHQ WKH PDQLIROG DQG WKH UHVWULFWLRQV
RQ WKH VSDFH RI N LQ ZKLFK LW LV GHnQHG￿ UHSUHVHQWHG E\ VHW K￿I￿￿ DUH HDVLO\ GHULYHG￿
1RZ￿ VHW K￿I￿  ￿ GHnQHV D ￿￿GLPHQVLRQDO PDQLIROG LQ WKH VSDFH ￿N￿￿N ￿￿ DQG WKH FRUUH￿
VSRQGV WR D SRLQW LQ WKH VSDFH ￿N￿￿N ￿￿ ￿ ￿ ￿￿￿￿
7KH QH[W UHVXOW ORFDWHV WKH IROG￿+RSI ELIXUFDWLRQ￿





























￿￿ b D￿￿D￿￿D￿￿ ￿ D￿￿D￿




D￿￿  ￿ N￿ ￿￿￿￿
D￿￿   b￿￿N￿ ￿￿ ￿ N￿￿￿ ￿ ￿ ￿
D￿￿  ￿￿ ￿ N￿ ￿￿￿￿
D￿￿  ￿ N￿ b N￿￿￿￿ ￿ N￿￿￿ ￿ ￿ ￿
D￿￿  ￿￿￿ ￿ N￿￿￿￿￿ ￿ N￿￿ b ￿￿￿N￿ ￿￿ ￿ N￿￿￿ ￿￿￿￿
3URRI￿ )RU WKH H[LVWHQFH RI RQH ]HUR DQG RQH SDLU RI FRPSOH[ HLJHQYDOXHV ZLWK ]HUR UHDO SDUWV
ZH VRXOG KDYH RQH W\SH , DQG D SDLU RI W\SH ,,, HLJHQYDOXHV￿ 7KH RWKHU HLJHQYDOXH PD\ EH
RI W\SH , RU ,,￿ ,Q WKH nUVW FDVH N ￿ ,N
￿ DQG WKH V\VWHP ￿￿￿￿ WR ￿￿￿￿ EHFRPHV
y,   N￿ b ￿n ￿￿￿￿
b￿n￿ ￿￿ ￿ N￿ ￿￿ ￿ n b N￿  ￿￿ ￿ ￿ ￿
b￿n￿ ￿￿ N￿ b ￿￿n￿ ￿￿ N￿n b N￿  ￿￿ ￿ ￿ ￿
N￿  ￿￿ ￿ ￿ ￿
ZLWK WKH UHVWULFWLRQV y ￿  ￿D Q Gn!￿￿ 7KHQ ZH JHW WKH ￿￿GLPHQVLRQDO PDQLIROG K￿I￿￿D
VROXWLRQ IRU n DQG WKH UHVWULFWLRQV ZKLFK GHnQH WKH VHW &N
￿￿ +RZHYHU￿ LQ WKH VHFRQG FDVH
N ￿, N
￿ DQG WKH V\VWHP DQG OHWWLQJ y,,  ￿￿o ZH JHW o   N￿ b ￿ b ￿n!￿￿ HTXDWLRQV ￿￿￿￿
DQG ￿￿￿￿ DQG N￿  ￿￿ ZLWK WKH UHVWULFWLRQV o!￿D Q Gn!￿￿
:H PD\ DOVR KDYH +RSI ELIXUFDWLRQV ZKHQ N ￿, Z
￿ ￿




K￿   IN ￿, Z































































￿￿ b D￿￿D￿￿D￿￿ ￿ D￿￿D￿
￿￿ ￿ N￿ ￿  ￿ ￿N ￿ ￿  ￿
k
￿￿￿￿
ZKHUH D￿￿ WR D￿￿ DUH IRUPDOO\ LGHQWLFDO WR HTXDWLRQV ￿￿￿￿ WR ￿￿￿￿￿
3URRI￿ 7KH GHPRQVWUDWLRQ LV GRQH E\ XVLQJ V\VWHP ￿￿￿￿ WR ￿￿￿￿ DQG E\ VWDWLQJ n!￿
DOZD\V DQG y,
￿ DQG y,
￿ GLmHUHQW IURP ]HUR ZKHQ WKHUH DUH QR W\SH ,, HLJHQYDOXHV￿ y, ￿   ￿
DQG y,,  ￿￿o!￿ ZKHQ WKHUH LV D SDLU RI W\SH , DQG D SDLU RI W\SH ,, HLJHQYDOXHV DQG
y,,
￿  ￿￿o￿ ! ￿D Q Gy,,
￿  ￿￿o￿ ! ￿ ZKHQ WKHUH DUH WZR SDLUV RI W\SH ,, HLJHQYDOXHV￿ :H
DOVR JHW WKH ￿￿GLPHQVLRQDO PDQLIROG K￿￿
/HPPD ￿￿￿ 1HFHVVDU\ FRQGLWLRQV IRU WKH H[LVWHQFH RI D ￿ WR ￿ IROG ELIXUFDWLRQV LV WKDW
N ￿ &N
IL IRU L   ￿￿￿￿￿￿￿￿Z K H U H
&N
I￿   IN ￿, Z
￿ >, Z
￿ ￿ N￿  ￿ ￿N ￿ ￿  ￿ ￿N ￿ ￿  ￿ ￿N ￿ ￿  ￿ J ￿￿￿￿
&N
I￿   IN ￿, Z
￿ >, Z
￿ ￿ N￿   N￿  ￿ ￿N ￿ ￿  ￿ ￿N ￿ ￿  ￿ J ￿￿￿￿
&N
I￿   IN ￿, Z
￿ >, Z
￿ ￿ N￿   N￿   N￿  ￿ ￿N ￿ ￿  ￿ J ￿￿￿￿
&N
I￿   IN ￿, Z
￿ >, Z
￿ ￿ N￿   N￿   N￿   N￿  ￿ J￿ ￿￿￿￿
3URRI￿ 2EYLRXV￿
7KH PDLQ UHVXOWV RI WKH SDSHU DUH JDWKHUHG LQ WKH QH[W UHVXOW RQ WKH FKDUDFWHUL]DWLRQ RI
WKH FHQWHU VXE￿PDQLIROGV￿
7KHRUHP ￿￿ /HW &N
L ￿  IN ￿.￿ Q￿   LJ IRU L   ￿￿￿￿￿￿￿ EH D FHQWUDO PDQLIROG ZLWK GLPHQ￿
VLRQ HTXDO WR Q￿￿ 7KHQ
&N
￿   &N
I￿ ￿￿￿￿
&N












 7KH JHRPHWU\ RI WKH &NVHWV
$JDLQ￿ ZH n[ VHYHUDO UHSUHVHQWDWLYH YDOXHV IRU N￿ DQG N￿ LQ nJXUH ￿￿ 7KH OHWWHU ZKLFK ODEHOV
HDFK SRLQW UHIHUV WR WKH UHODWHG nJXUH ￿￿
/HW XV VWDUW ZLWK WKH IROG ELIXUFDWLRQV￿ 7KHVH DUH WKH VLPSOHVW￿ DQG DUH UHODWHG WR WKH
QXPEHU RI FRQVHFXWLYH NL￿ VWDUWLQJ ZLWK L  ￿￿ ZKLFK DUH HTXDO WR ]HUR￿ 7KHUHIRUH￿ nJXUH
￿￿$￿ ZKLFK LV DVVRFLDWHG ZLWK N￿   N￿  ￿ FRQWDLQV WKH ORFDWLRQV IURP ￿￿IROG ￿LQ DOO SRLQWV
H[FHSW WKH N￿￿D[LV DQG WKH FXUYH K￿I￿  ￿￿ ￿￿IROG ￿LQ WKH N￿￿D[LV ZLWK WKH H[FHSWLRQ RI
WKH RULJLQ￿ DQG ￿￿IROG ￿LQ WKH RULJLQ￿ ELIXUFDWLRQV DQG nJXUHV ￿￿% DQG ￿￿&￿ DQG LQ JHQHUDO
￿￿DOO WKH DQDORJRXV nJXUHV UHODWHG WR WKH N￿￿D[LV LQ nJXUH ￿￿ FRQWDLQ WKH ORFDWLRQV RI ￿￿IROG
ELIXUFDWLRQV ￿LQ DOO SRLQWV ZLWK WKH H[FHSWLRQ RI WKH K￿I￿  ￿￿ORFXV￿ *HRPHWULFDOO\￿ WKH
￿￿IROG FRUUHVSRQGV WR D SRLQW LQ WKH N￿VSDFH￿ WKH ￿￿IROG FRUUHVSRQGV WR D OLQH￿ WKH ￿￿IROG WR
D VXUIDFH DQG WKH ￿￿IROG WR D FXEH￿
7KH +RSI ELIXUFDWLRQ WKHRUHP KDV DV D QHFHVVDU\ FRQGLWLRQ WKDW WKHUH VKRXOG EH RQH
￿DQG RQO\ RQH￿ SDLU RI FRPSOH[ HLJHQYDOXHV ZLWK ]HUR UHDO SDUWV DQG QR ]HUR HLJHQYDOXHV￿
*HRPHWULFDOO\￿ ZH PD\ KDYH +RSI ELIXUFDWLRQV IRU DQ\ YDOXH RI N￿ DQG IRU DQ\ QRQ￿]HUR N￿￿
H[FHSW IRU WKH SRLQWV FRUUHVSRQGLQJ WR WKH +RSI￿+RSI ELIXUFDWLRQ WKDW ZH ZLOO GLVFXVV ODWHU￿
$OVR￿ DV K￿￿N￿  ￿ GHnQHV D ￿￿GLPHQVLRQDO PDQLIROG LQ WKH ￿￿GLPHQVLRQDO . VSDFH￿ WKHQ LW LV
UHSUHVHQWHG JHRPHWULFDOO\ E\ D IROGHG SODQH￿ $V WKH YDOXHV IRU N￿ DQG N￿ UHSUHVHQW SDUWLFXODU
￿VOLFHV￿ LQ WKH IRXU￿GLPHQVLRQDO SDUDPHWHU VSDFH WKHQ WKH SURMHFWLRQV LQ WKH ￿N￿￿N ￿￿￿VSDFH
ZLOO EH JLYHQ E\ SDUWLFXODU FXUYHV￿ 7KHUHIRUH ZH KDYH D SURMHFWLRQ RI WKH K￿  ￿￿ORFXV LQ
DOO nJXUHV ￿ ZLWK WKH H[FHSWLRQ RI WKRVH UHODWHG WR N￿  ￿￿YDOXHV￿ nJXUHV ￿￿’ WR ￿￿1￿ :KHQ
N￿ ￿ ￿ ￿VHH nJXUHV ￿￿’￿ ￿￿) DQG ￿￿*￿ LW VHHPV WKDW WKH ORFXV KDV RQO\ RQH EUDQFK ZKLFK
FXWV YHUWLFDOO\ WKH N￿￿D[LV LQ D ZD\ ZKLFK LV GHSHQGHQW XSRQ WKH VLJQ RI N￿￿ :KHQ N￿ ! ￿
￿VHH nJXUHV ￿￿( DQG ￿￿+ WR ￿￿1￿ WKH ORFXV K￿  ￿ LV PXOWLYDOXHG ZLWK WZR EUDQFKHV￿ DQG
WKHVH EUDQFKHV DUH DOPRVW HYHU\ZKHUH ORFDWHG LQ WKH N￿ ! ￿￿RUWKDQWV￿ ,I N￿ FKDQJHV VLJQ￿
WKH\ WHQG WR FKDQJH WKHLU SRVLWLRQ DV UHJDUGV WKH XSSHU SDUW RI WKH N￿￿D[LV￿
:KHQ WKHVH WZR EUDQFKHV LQWHUFHSW￿ DQG LI WKDW LQWHUFHSWLRQ LV ORFDWHG LQ WKH ,Z
￿ ￿VSDFH
ZH ZRXOG KDYH D +RSI ￿ +RSI ELIXUFDWLRQ ￿VHH nJXUH ￿￿1￿￿ :H VDZ WKDW WKH VHW K￿   ￿ GHnQHV
D ￿￿GLPHQVLRQDO PDQLIROG RYHU WKH ￿￿GLPHQVLRQDO VSDFH .￿ )URP WKH SUHVHQWDWLRQ LQ /HPPD
￿￿￿￿ ZH PD\ VHH WKDW￿ nUVW￿ WKH +RSI￿+RSI ELIXUFDWLRQ ZLOO EH UHSUHVHQWHG E\ D SRLQW LQ WKH
VSDFH ￿N￿￿N ￿￿ DQG D SRLQW LQ WKH VSDFH ￿N￿￿N ￿￿￿ VHFRQG￿ LQ WKH VSDFH ￿N￿￿N ￿￿ LW ZLOO EH ORFDWHG











￿￿ N￿￿ WKLUG￿ DV LW LV D ￿￿GLPHQVLRQDO
PDQLIROG￿ WKH UHVWULFWLRQV ZKLFK ZHUH H[SUHVVHG RYHU VSDFH ￿N￿￿N ￿￿￿ PD\ EH PDSSHG LQWR
VSDFH ￿N￿￿N ￿￿￿ $V RXU UHSUHVHQWDWLRQ SUHVXSSRVHV WDNLQJ ￿N￿￿N ￿￿ SDUDPHWULFDOO\￿ WKHQ K￿  ￿
LV UHSUHVHQWHG DV D ￿￿GLPHQVLRQDO PDQLIROG￿ WKDW LV￿ D SRLQW￿ $IWHU VRPH WHGLRXV DOJHEUD ZH
IRXQG WKDW￿ IRU N￿ ￿ ￿￿￿￿ WKH IROORZLQJ WZR FRQGLWLRQV VKRXOG EH PHW N￿ b ￿N￿ ￿ ￿ DQG
￿￿N￿ b ￿Ne
￿￿￿￿Ne





￿N￿bN￿ IRU N￿ ! ￿￿ 7KH JHRPHWULFDO
DQDORJV DUH FXUYHV +￿0 DQG +￿P LQ )LJXUH ￿￿ ,QWXLWLYHO\￿ WZR SDLUV RI LPDJLQDU\ HLJHQYDOXHV
ZLOO RQO\ H[LVW LI N￿ DQG N￿ DUH LQVLGH WKH WZR OLQHV￿ OLNH LQ SRLQW 1 FRUUHVSRQGLQJ WR )LJXUH
￿￿1￿
%\ QRZ￿ WKH JHRPHWULFDO ORFDWLRQ RI WKH IROG￿+RSI ELIXUFDWLRQV LQ WKH .￿VSDFH VKRXOG EH
VWUDLJKWIRUZDUG￿ WKH ￿￿IROG￿+RSI ELIXUFDWLRQ LV ORFDWHG DORQJ WKH N￿￿D[LV ZLWK WKH H[FHSWLRQ
RI WKH RULJLQ DV LQ nJXUHV ￿￿% DQG ￿￿& DQG WKH ￿￿IROG￿+RSI ELIXUFDWLRQ LV ORFDWHG LQ WKH RULJLQ
RI nJXUH ￿ DQG LQ WKH VHPL￿SDUDEROD LQ nJXUH ￿￿$￿
￿￿5HIHUHQFHV
$EUDPRZLW]￿ 0￿ DQG 6WHJXQ￿ ,￿ $￿ ￿￿￿￿￿￿￿ +DQGERRN RI 0DWKHPDWLFDO )XQFWLRQV￿ ’RYHU￿
1HZ <RUN￿
%ULVRQ￿ 2￿ ￿￿￿￿￿￿￿ 7HRULD GH *DORLV￿ 8QLYHUVLGDGH GH /LVERD￿ )DFXOGDGH GH &LHQFLDV￿
’HSDUWDPHQWR GH 0DWHPDWLFD￿ /LVERD￿
%ULWR￿ 3￿ ￿￿￿￿￿￿￿ /RFDO G\QDPLFV IRU SODQDU RSWLPDO FRQWURO SUROHPV￿ :RUNLQJ 3DSHUV ￿￿￿￿￿
’HSDUWDPHQWR GH (FRQRPLD ￿ ,6(*￿
%ULWR￿ 3￿ ￿￿￿￿￿￿￿ /RFDO G\QDPLFV IRU RSWLPDO FRQWURO SUROHPV RI ￿￿GLPHQVLRQDO RGH V\VWHPV￿
:RUNLQJ 3DSHUV ￿￿￿￿￿ ’HSDUWDPHQWR GH (FRQRPLD ￿ ,6(*￿
’RFNQHU￿ (￿ ￿￿￿￿￿￿￿ /RFDO VWDELOLW\ DQDO\VLV LQ RSWLPDO FRQWURO SUREOHPV ZLWK WZR VWDWH
YDULDEOHV￿ ,Q )HLFKWLQJHU￿ *￿ ￿(G￿￿￿ 2SWLPDO &RQWURO DQG (FRQRPLF $QDO\VLV ￿￿S S ￿
￿￿^￿￿￿￿ (OVHYLHU ￿1RUWK￿+ROODQG￿￿
)HLFKWLQJHU￿ *￿￿ 1RYDN￿ $￿￿ DQG :LUO￿ )￿ ￿￿￿￿￿￿￿ /LPLW F\FOHV LQ LQWHUWHPSRUDO DGMXVWPHQW
PRGHOV￿ WKHRU\ DQG DSSOLFDWLRQV￿ -RXUQDO RI (FRQRPLF ’\QDPLFV DQG &RQWURO￿ ￿￿￿￿￿￿
￿￿￿^￿￿￿
*DQWPDFKHU￿ )￿ 5￿ ￿￿￿￿￿￿￿ 7KH 7KHRU\ RI 0DWULFHV￿ YRO￿ ,￿ &KHOVHD￿
*XFNHQKHLPHU￿ -￿ DQG +ROPHV￿ 3￿ ￿￿￿￿￿￿￿ 1RQOLQHDU 2VFLOODWLRQV DQG %LIXUFDWLRQV RI 9HFWRU
)LHOGV￿ 6SULQJHU￿9HUODJ￿
+DUWO￿ 5￿ )￿ ￿￿￿￿￿￿￿ $ VLPSOH SURRI RI WKH PRQRWRQLFLW\ RI VWDWH WUDMHFWRULHV LQ RSWLPDO
FRQWURO SUREOHPV￿ -RXUQDO RI (FRQRPLF 7KHRU\￿ ￿￿￿ ￿￿￿^￿￿
+XQJHUIRUG￿ 7￿ ￿￿￿￿￿￿￿ $OJHEUD￿ 6SULQJHU￿9HUODJ￿
.X]QHWVRY￿ <￿ $￿ ￿￿￿￿￿￿￿ (OHPHQWV RI $SSOLHG %LIXUFDWLRQ 7KHRU\￿ 6SULQJHU￿9HUODJ￿

























7KH OHWWHU UHIHUV WR D SDUWLFXODU VHW RI YDOXHV IRU N￿ DQG N￿ ZKLFK ZHUH XVHG LQ D SDUWLFXODU
nJXUH ￿￿
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Figure 2.A
￿￿)LJXUH ￿￿ N￿ DQG N￿ IRU N￿  ￿D Q GN￿  ￿
f1 and Iw0
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Figure 2.B
￿￿)LJXUH ￿￿ N￿ DQG N￿ IRU N￿  ￿D Q GN￿   b￿
f1 and Iw0
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Figure 2.C
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Figure 2.D
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Figure 2.E
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Figure 2.F
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Figure 2.G
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Figure 2.H
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Figure 2.I
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Figure 2.J
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Figure 2.K
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Figure 2.L
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Figure 2.M
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Figure 2.N
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